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ABSTRACT 

In  this paper lunisolar short-periodic perturbations and lunar perturba- 

tions that depend on the lunar mean longitude a r e  given insofar as their  

amplitudes in the expressions of satell i te orbital elements a r e  la rger  than 
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LUNISOLAR PERTURBATIONS WITH SHORT PERIODS 

Y oshihide Kozai 

1. INTRODUCTION 

The principal secular and long-periodic par ts  of the disturbing function 

for  the satellite motion due to the lunisolar gravitational attractions a r e  given 

in a n  ear l ie r  paper (Kozai, 1959). 

-5 2 
/ n  However, since the disturbing factors a r e  1. 65  x 1 0  and 0. 75 x 10-5/n2 

for the moon and the sun, respectively, when the mean motion n of the satel- 

lite is expressed in revolutions per day, it is found that in order  to compute the 

position of the satellite with seven significant figures, lunisolar short-periodic 

perturbations must be included even if the mean motion i s  a s  large a s  1 0  rev- 

olutions per  day. 

Of the long-periodic te rms ,  periods of t e r m s  depending on the lunar mean 

longitude a r e  not very long and some of them a r e  as  short  a s  1 0  days. 

these t e rms  should be taken into account to derive mean orbital elements 

(Gaposchkin, 1964). 

Hence 

In this paper lunisolar short-periodic perturbations and lunar perturbations 

that depend on the lunar mean longitude a r e  derived insofar a s  their  amplitudes 

a r e  la rger  than 1 0  

function can be neglected for  this purpose when the eccentricity of the satell i te 

is less than 0. 2 0  and the mean motion is la rger  than 1 0  revolutions per  day. 

-7 . It is found that the parallactic t e rms  in the disturbing 

This  work was supported in  part by grant  no. NsG 87-60 f rom the National 
Aeronautics and Space Administration. 

1 



2. DISTURBING FUNCTION 

F o r  the sake of convenience, the following primed symbols denote a lunar 

The disturbing function reference: 

due to the moon is written as ,  

m’, 52’ , i‘, M’, v’, A ’ ,  c ’ ,  n’, a’, r’. 

3 t sin 2 i sin 2 i’ cos (Q - 5 2 ’ )  

i sin2 i’ cos 2 (52 - 52’ 2 sin + E  

t 8 sin 

3 

i) cos 2 ( 5 ’  - Q ’ )  
3 i’ (1 - 7 sin 

3 2  4 i‘ 
2 t -g sin i cos - cos 2 (5’  - 5 2 )  

3 2 i’ - 3 s in  2 i s in  i’ cos 7 cos (25’ - 52 - 5 2 ’ )  

3 4 i’ 
2 t -g sin2 i s in  - cos 2 ( 5 ’ -  252’ t 5 2 )  

t 3 sin 2 i s in  i t  s i n 2 z  cos (25’ + Q - 3521) 3 
2 

3 4 i’ 
2 2 t i cos - cos 2 ( 5 ’  - L - 5 2 )  

3 2 3 t 8 sin i (1 - 7 sin2 i’) cos 2~ 

sin2 i’ cos 2 (L t Q - 5 2 ‘ )  3 
2 

3 4 i  t q s i n  - cos 2 (L - 52 t 5 ’ )  2 2 



4 i‘ 
2 

i’ cos 2 ( 5 ’  - Q ’  - L)  

s in  - cos 2 (5’  - 2 Q ‘  - L t Q )  3 4 i  t 3 sin - 2 

2 2 i s in  

2 2 

sin 9 
+32 

sin i sin i’ cos 2 ([‘t L - 5 2 ’ )  9 t- 
32 

3 2 i  t 7 sin i cos - sin i t  cos2 

- 3 sin i cos2 

t 3 sin - sin2 i’cos 2 (L - fi t Q ’ )  

cos (25’  - f i t  - 2L - 5 2 )  2 2 

3 
sin 2 i’ cos ( 2 ~  t Q - Q ’ )  

3 4 i  
2 

t s in  i sin2 i sin 2 i’ cos (2L - t Q ’ )  2 

2 i‘ 
2 2 i sin it cos - 7 sin i s in  

- - sin i cos2 

- cos (25 ‘  t 2~ - Q - Q ’ )  
3 

3 
sin i t  sin2 cos (25’  t 2L t Q - 3 Q t )  4 2 z 

3 2 i  2 2 i‘ - sin i’ s in  - cos ( 2 c ’  - 352‘ - 2~ t Q )  2 2 t 7 sin i s in  

where the orbital elements a r e  referred to the equator of the ear th ,  5 ’  is 
the lunar t r ce  longitude, and L is the argument of latitude, that is, 

L = v t o .  

The disturbing function due to the sun can be derived by putting 

n’= no, 0’ r‘ = r 
0’ 

a‘ = a m’ = 1 

in ( l ) ,  where z is the obliquity. 
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In the expression (1) the lunar inclination i f  to the equator is not 
I 

constant and i-2 cannot be expressed as a l inear function of time. However, 

the lunar inclination J to the ecliptic i s  almost constant and i s  5P15,  and 

the longitude of the ascending node N, re fe r red  to the ecliptic, can be ap- 

proximated by the l inear function of time. 

writ ten a s  

The relations between them a r e  

. 

I 
sin i sin 52’ = sin J sin N = (0. 086 t 0. 004) s in  N, 

s in  i cos a’= sin E cos J t cos E sin J cos N 
I 

= 0. 396 t (0.086 - 0. 004) COS N . 
( 3 )  

F o r  the expansion of the disturbing function ( l ) ,  the following expres- 

sions derived f rom ( 3 )  a r e  necessary: 

2 r  
sin i = 0.164 t 0. 065 cos N - 0. 001 cos 2N, 

4: 
COS 7 = 0.916 - 0. 034 C O S  N, 

I I 
sin 2 i sin 52 = (0. 143 t 0. 021) sin N - 0. 003 sin 2N, 

I I 
sin 2 i cos = 0.721 t (0.143 - 0.021) cos N - 0.003 cos 2N, 

I (0.  079 t 0. 007) sin N - 0. 001 sin 2N, 

i I 
I 

sin if cos2 i cos 52 = 0.378 t (0.079 - 0.007) cos N - 0.001 cos 2NJ 2 

I I 
(0. 068 t 0. 003) sin N t 0. 007 sin 2N, 2 t  sin i s in  2n = 

2 f  I 

sin i cos 252 = 0.156 t (0.068 - 0. 003) cos N t 0.007 cos 2NJ\ 
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0. 011 sin N t 0. 002 sin 2N, ! 
s in  i‘ sin2 i’ cos 352’ = 0. 016 t 0. 011 cos N t 0. 002 cos 2N, 2 

4 i‘ 
2 sin - sin 452’ = 0. 002 sin N, 

sin4 cos 452‘ = 0.002 t 0.002 cos N. 2 

In the expression ( l ) ,  (a’ fr‘)  3 and 5 ’  should be expanded into power 

s e r i e s  of the lunar eccentricity, e‘ , which is assumed to be 0. 055, by means 

of the following formulas, with the lunar mean anomaly M’ as argument: 

= 1. 005 t 0. 165 COS M’ t 0. 014 COS 2M’ , 

3 
.($) cos 2 (v’- M’) 

= 0. 992 t (0. 192 - 0. 027) COS M’ t 0. 026 COS 2M’ , 

- - 4 e’ s in  M’ t 17 e’‘ s in  2M’ 2 

( 0 .  192 t 0. 027)  s in  M’ t 0. 026 sin 2M’ . (5)  - - 

5 



Now the  d i s t u r b i n g  function c a n  be w r i t t e n  as fol lows:  

t 0. 031 C O S  M’ - 0. 002 C O S  ( M ’ t N )  - 0. 002 COS (M’ - N) 

t 0. 003 c o s  2M’ t 0. 059 c o s  2h’ t 0. 026 cos (2A’ - N )  

t 0. 003 C O S  2(X’ - N )  t 0. 011 COS (2A’ t M’) 

.)I t 0. 005 c o s  (2A’ t M’ - 

t s i n  2 i 0. 136 COS S2 t 0. 027 cos (Q - N )  - 0. 004 C O S  (a t N )  II 
t 0. 011 c o s  (52 t M’) t 0. 011 c o s  (i2 - M’) 

t 0. 002 C O S  (52 t M’ - N )  t 0. 002 COS (a - M’ - N )  

- 0. 141 COS ( S Z  - 2 A’) - 0. 030 C O S  (52 t N - 2 A’)  

- 0. 003 COS (52 - N - 2 A’)  - 0. 027 COS (i2 - 2 A’ - M’) 

- 0. 006 COS (52 t N - 2 A’ - M’) t 0. 004 C O S  (52 - 2 A’ t M’) 

- 0. 004 COS (n - 2 A’ - 2M’) t 0. 006 COS (52 t 2 A’ ) 

t 0. 004 cos  (i2 t 2 A ’  - N)] 

t s i n  i 0. 029 COS 2 i2  t 0. 013 COS ( 2 Q  - N )  
2 [  

t 0. 002 c o s  (2i2 t M’) t 0. 002 cos (252 - M’) 

t 0. 341 COS 2 (Q - A’) - 0. 006 C O S  (2Q - 2 A’ - N)  
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- 0. 006 cos (252 - 2 A’ t N) t 0. 066 c o s  ( 2 n  - 2 A’ - M’ ) 

- 0. 009 cos (252 - 2 A’ t M’) t 0. 009 c o s  (252 - 2 A’ - 2M’)] 

t cos4 i [ O .  682 cos  2 (L t 52 - A‘) - 0. 013 c o s  ( 2 L  t 252 - 2 A’ - N )  2 

- 0. 01 3 COS (2 L t 2 52 - 2 A’ t N )  + 0 .1  32 C O S  (2 L t 2 52 - 2 A’ - M’ ) 

-0. 019 C O S  ( 2 L  t 252 - 2 A’t M’) t 0. 018 COS 2 ( L  t s2 - A’ - M’) 

t 0. 058 c o s  2 ( L  t 5 2 )  t 0. 025 cos ( 2 L  t 252 - N )  

t 0. 003 COS 2 ( L  t 52 - N )  t 0. 004 COS ( 2 L  t 252 t M’) 

t 0. 004 COS ( 2 L  t 252 - M’) t 0. 002 COS ( 2 L  t 2!2 - N t M’) 

t 0. 002 C O S  ( 2 L  t 252 - N - M’) - 0. 002 C O S  ( 2 L  t 2L? - N - 2X’ - M’) 

t sin4 [ 0. 682 c o s  2 ( L  - 52 t A’) - 0. 013 cos ( 2 L  - 2 R t 2 A’ - N)  2 

- 0. 013 cos ( 2 L  - 252 t 2 X ’ t  N )  t 0. 132 c o s  ( 2 L  - 2 n  t 2A’ t M’) 

- 0. 019 c o s  ( 2 L  - 2!2 t 2X’ - M’) t 0. 018 c o s ( 2 L  - 252 t 2A’ t 2M’) 

t 0. 058 C O S  Z ( L  - Q )  t 0.025 COS ( 2 L  - 252 t N )  

t 0. 003 c o s  2 ( L  - $2 t N )  t 0. 004 cos ( 2 L  - 2S2 t M’) 
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t 0. 004 C O S  ( 2 L  - 252 - M’) t 0. 002 COS ( 2 L  - 2i2 t N t M’) 

+ 0. 002 cos ( 2 L  - 252 t N - MI)] 

t sin i 0. 280 COS 2 L  - 0. 018 COS ( 2 L  t N )  - 0. 018 C O S  ( 2 L  - N )  
2 [  

t 0. 023 c o s  ( 2 L  t M’) t 0. 023 cos ( 2 L  - M’) 

t 0. 002 c o s  2 ( L  t M‘) t 0. 002 c o s  2 ( L  - M’) 

t 0. 044 COS 2 ( L  - A’)  t 0. 020 C O S  ( 2 L  - 2 A’ t N )  

t 0. 002 COS 2 ( L  - A’ t N )  t 0. 008 COS ( 2 L  - 2 A’ - M’) 

t 0. 004 COS ( 2 L  - 2 A’ - M’ t N )  t 0. 044 COS 2 ( L  t A ’ )  

t 0. 020 cos ( 2 L  t 2 A‘- N )  t 0. 002 cos  2 ( L  t A’ - N )  

N)l t 0. 008 cos ( 2 L  t 2 A’ t M’) t 0. 004 cos ( 2 L  t 2 A’ t M’ - 

t sin i cos  - 3 .  281 c o s  (2L t 52 - 2 A’)  t 0. 059 c o s ( 2 L  t 52 t N - 2 A ’ )  2 1 [  
- 0. 005 COS ( 2 L  t 52 - N - 2 A’) t 0. 055 C O S  ( 2 L  t R - 2 X’ - M’) 

t 0. 011 C O S  ( 2 L  t 52 t N - 2 A’ - M’) - 0. 008 C O S  ( 2 L  t 52 - 2 A’ t M’) 

t 0. 008 c o s  ( 2 L  t s2 - 2 A’ - 2M’) - 0. 268 c o s  ( 2 L  t 5 2 )  

- 0. 053 C O S  ( 2 L  t !2 - N )  t 0. 007 COS ( 2 L  t i2 t N )  

- 0. 022 cos ( 2 L  t 52 - M’) - 0. 022 cos ( 2 L  t R t M’) 
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- 0. 004 C O S  (2L t 52 - N - M’) - 0. 004 C O S  (2L t R - N t M’) 

- 0. 002 C O S  (2L t Q - 2M’) - 0. 002 C O S  (2L i- 52 t 2M’) 

- 0. 012 C O S  (2L t Q t 2 A ’ )  - 0. 008 C O S  ( 2 L  t L4 t 2 X ’  - N )  

1 - 0. 002 cos (2L t 52 t 2 A’ t M’) 

i [ - 0.281 cos (2L - R t 2 A’) - 0. 059 cos (2L - R t 2 A’ - N )  2 t sin i sin 

t 0. 005 C O S  (2L - fi t 2 A’ t N )  - 0. 055 C O S  (2L - R t 2 A’ t M’) 

- 0. 011 C O S  (2L - R - N t 2 A’ t M’) t 0. 008 C O S  (2L - R t 2 A’ - M’) 

- 0. 008 C O S  (2L - R t 2 A’ t 2M’) t 0.268 C O S  (2L - a) 

t 0. 053 C O S  (2L - R t N )  - 0. 007 C O S  (2L - R - N )  

t 0. 022 cos  (2L - !i2 - M’) t 0. 022 cos ( 2 2  - R t M’) 

t 0. 004 C O S  (2L - R t N - M’) t 0. 004 C O S  ( 2 L  - R t N t M’) 

t 0. 002 cos (2L - R - 2M’) t 0. 002 cos (2L - 52 t 2M’) 

t 0. 012 C O S  (2L - R - 2 A’) t 0. 008 C O S  (2L - R - 2 A’ t N )  

t 0. 002 C O S  (2L - - 2 A’ - ( 6 )  

where A’ is the lunar mean longitude. 
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3. LONG-PERIODIC PERTURBATIONS DEPENDING ON A' AND/OR M' 

Since the following relations exist, 

2n - 
-!- I ( : f c o s 2 f d M = ~ e  5 2  , 
2rr 

0 

L / ( : j s i n 2 f d M = 0  2rr , 
0 

secular  and long-periodic parts of the disturbing function a r e  derived if  we 

replace r2 by a (1 t 3e /2) i n  the first three par ts  independent of L, that is, 

pa r t s  having factors [ l -  ( 3  sin i ) / 2 ] ,  sin 2 i, and sin2 i in (6 ) ,  and r by 
2 2  5e a / 2  and L by win the las t  five parts. 

derived t e r m s  depending on X' and/or M' 

2 2 

2 2 

Of the long-periodic t e rms  thus 

a r e  picked up. The perturbations 

due to these t e r m s  can be computed by the following equations of variation: 

10 



aR - di cos i aR 1 - -  - =  
dt aw an * 

na‘di-2 sin i n a 2 d r 2  sin i 

dw cos i - VI - e L  - aR aR t ae  ’ - =  - 
na e dt a i  

na ‘ q Z  sin i 

a R  - dL? 1 
dt - a i  ’ 

n a 2 d Z  sin i 

- -  

Of course, the semimajor axis is not disturbed. The expressions for 

the eccentricity and for the inclination can be easily derived in  the following 

forms: 

2 .  2 i  
t B; sin i -+ B i  sin i cos - 2 t B’ 5 sin i sin2 ’1 2 ’  

11 



I 

B' sin 2 i B sin i sin - - 3 2 2 s i n i  cos - - 2 

I 

B' (1 t 2 cos i) sin - - 
2 5 t B4 (1 - 2 cos i) cos 

I I 
where n is expressed in revolutions per  day and A. and B. a r e  given below. 

J J 

Direct  par ts  of perturbations in the longitude of the ascending node, the 

argument of perigee, and the mean anomaly a r e  writ ten as follows: 

1 o-6 3 2  sin i dS2 d = [(l t Z e  ) (-;Al sin 2 i  + A  2 cos 2 i  + A 3  sin 

2 i  e2  (- B1 c o s  - sin i t B2 sin2 sin i t B sin 2 i  + 2  2 2 3 

c o s  i t cos  2 i  cos i - cos 2i)] 
B4 2 B5 2 a 

3 2 
6 w  d = - n - 2 2 sin2 i) t L A  2 2  sin 2 i  t - A  2 3  sin i 

4 i  2 2 i  t B sin - t B sin i t B4 s i n i  cos - 2 2 3 2 t B~ cos4 

t u 5 sin i sin2 -$I - cos i 652 d a  

12 



+ 2  sin2 i] 

sin2 i B1 c o s  7 t B2 sin 2 t B3 

sin i cos2 i t B 

4 i  4 i  

t B sin i sin 4 2 5 

In addition to the direct  parts,  there a r e  indirect  par t s  in 652, 6w, and 6M 

that come f rom interaction between J2 secular  terms and 6 e  and d i ,  and 

they a r e  writ ten as 

- 
p * G - p t a n i * d i  , 4e 

1 - e  2 652 = d a d  t 

- - 
6 w  = 6 w  t 4e a 6e t 5p s i n i  6 i  , 

d Y - 7  

where a and p a r e  secular  motions of w and 52 expressed in t e r m s  of the lunar  

mean motion, that is, 

and 6e and =are derived by integrating n' 6e  and n' d i ,  respectively, with 

respect  to t ime t. 

A: and B! by x. and z. in  d e  and 6i. 

The expressions for  de and d i a r e  derived by replacing 

J J J J 

13 



The expressions for A and B. are 
j J 

I I 

= 42 sin M - 3 sin (M t N) - 3 sin (M' - N )  

+ 2 sin 2M t 40 sin 21 t 18 sin (2X - N) 
I I I 

I f I I I 

t 2 sin 2(X - N) t 5 sin (2X t M )  t 2 sin (2X t M - N) , 

A =--[ I 

10 sin ( Q t  M )  t 2 sin (Q t MI - N)] 2 P t l  

1 - [ 64 sin (a - 2;) t 14 sin (a t N - 2X') t sin (a - N - 2A'3 

I 

3 sin (Q t 2X ) t 2 sin (Q t 2X - 

I 

- p/3-1 1 
[8 sin (Q - 2< - M )  t 2 sin (Q t N - 2XI - MI;] 

f I 

sin (a - 2 X  - 2 M )  , 1 
-p/4-1 

14 



2 sin (23  - M’) - 8 sin (222 - 2XI t MI( 2 p - 1  

I 

sin ( 2 3  t M )  t - 2 A = -  
3 2 p t 1  

I I 
t 2 [154  sin Z ( 3  - A ) - 3 sin ( 2 3  - 2Xt - N) - 3 sin (23  - 2X t Ni 

P - 1  

I I 20 t 2p/3-1 sin (28  - 2h - M )  

I I 2 
t p12-1 s i n ( 2 8  - 2X - 2 M )  , 

r I - - 769 s in  2 (wt  Q - X ) - 14 sin (2w t 23 - 2X - N) B1 a t p - 1  

r I I - 4 2  s in (2w t 2Q - 2X t M ) t 10 s in (2w t 252 - M ) 2(a t p )  - 1 t 

I 

10 sin ( 2 0  t 28 t M ) t 5 s in  ( Z w  t 2n - N t M i 
2 ( a t P ) t l  

I I 

s in  (2w t 2Q - 2X - M ) 
99 

2(a t p)/3 - 1 t 

r r 
s i n 2 ( w + Q -  X - M )  , 10 

(a t p ) / 2  - 1 t 

15 



- - [ 7 6 9  sin 2(w - a t  A') - 14 sin ( 2 w  - 251 t 2X' - N) B2 a - p t l  

1 I 

- 14 sin ( 2 w  - 251 t 2X t N) 

t 2(a t p )  - 1 [ l o  sin ( 2 w  - 251 - M') t 5 sin ( 2 0  - 23  t N - M'q 

I ' 
sin ( 2 w  - 251 t 2X t A4 ) 

99 
2(a -p)/3 t 1 t 

I 
sin ( 2 w  - 251 t 2X t 2M') , 10 

(a - p ) / 2  t 1 t 

I 
sin ( 2 w  - M ) sin(2w t M )  t - 2 a  - 1 

- 5 2  I 5 2  
B3 - 2a+l 

t [3 sin 2(w t M') t 50 sin 2(w t A') a t 1  

I 
t 2 [3 sin 2(w - M ) t 50 sin 2 ( w  - A') 

a - 1  

I 
t 22 sin ( 2 w  - 2X t N) t 3 sin 2(w - X' t N)l 

t & [ 6  sin (20 - 2X' - M') t 3 sin ( 2 w  - 2X' - M' t N)] 

sin ( 2 w  t 2 X I  t M') t 3 sin ( 2 w  t 2X' t M' - Nj  J 

16 



I - [ 317  sin (20  t 52 - 2X ) t 67 sin (2w t 52 t N - 21') 
B4 - a t p / 2 - 1  

- 6 sin ( 2 0  t 52 - N - 2 i )  - 3 sin (2w t R - ZM')] 

I I 

3 sin ( 2 w  t 52 t 2M ) t 1 4  sin (2w t 52 t 2X ) 

I .)I t 9 s in  (20  t S2 t 2X - 

1 
( 2 a  t p ) / 3  - 1 [ 41 sin (2w t S2 - 2< - MI) t 8 sin ( 2 w  t 52 t N - 2X' - M')l 

I I - [ 1 7 s i n ( 2 0 t R - 2 X  t M )  t 51 s i n ( Z w t S 2 - M ' )  2 a t p - 1  

t 1 0  sin ( 2 w  t ~2 - N - MI)] 

- [51 sin (2w t 52 t MI) t 10 sin (2w t S2 - N - MI( 2 a t p t 1  

I I 

sin (2w t 52 - 2X - 2 M )  , 4 
( 2 a  t p ) / 4  - 1 

B5 = [ - 317 sin (2w - 52 t 2X') - 67 sin (20  - 52 - N t 2A') a - p / 2 t 1  

I 

t 6 s in  (2w - Q t N t 2X ) t 3 sin ( 2 0  - 52 t 2M')I 

I [ 3 sin (2w - 52 - 2M ) t 14 s in  (2w - 52 - 2X') a - p / 2 -  1 

1 7  



‘I I I r 
[41 s i n ( 2 w - Q t 2 X  t M )  t 8 s i n ( 2 w - S 2 - N t Z X  t M )  - ( 2 a t p ) / 3 t 1  

I I i 
1 7  sin ( 2 w  - 52 t ZX - M ) t 51 sin ( 2 w  - S2 t M ) 1 

+ 2 a - p t 1 [  

t 10 sin ( 2 w  - Q t N t MI)] 

[ 51 s in  ( 2 w  - 52 - M’) t 10 s in  (2w - S2 t N - MI( 2 a - p - 1  

I I 

s in  (2w - C2 t 2X t 2M ) 4 
- (20, - p ) / 4 + 1  

I I 

The expressions for  A .  and B.  a r e  derived by replacing sine by cosine 

3 J 

J J 
in A .  and B. of (13). 

The expressions for  x. and x. a r e  written as 
J J 

I - 1 32 s in  (S2 - 2X ) t 7 sin (52 t N - 2Xf( 

(p/2 - 

I I 1 - sin (52 t 2X ) , 2 sin (a - ZX - M )  t 3 

(P/3 - 112 (P/2 -+ 112 

18 



i 

- 8 sin (252 - 2X t MI;] 

1 r I i I 7  
1 t 1 7 7  sin 2(R - X ) - 2 sin (252 - N - 2 1 )  - 2 sin (2R t N - 2X 'J 

(P - 1) 

I I 

sin (252 - 2 1  - M )  , 7 
t 

(?,P/3 - 1) 

1 1 
3 8 4  sin 2(w t 52 - X ) - 7 sin (2w t 252 - N - 2X ) 1 - - 

(a + P  - 1)  
B1 - 

- 7 sin (2w t 252 t N - 2<3 

r 1 [- 4 2  sin ( 2 w  t 2R - 2X t MI) t 10 sin (2w t 252 - M ) 
1 t 

t- P )  - 11 

t 5 sin (2w t 252 - N - M'J 

1 1 

t 10 sin (2w t 252 t M )  t 5 sin (2w t 252 - N t M 3 
t P )  t 11 

1 1 

sin (20 t 252 - 2 1  - M )  
3 3  t 

[2(a t ~ ) / 3  - 11 

1 1 

sin2(wt52 - X - M )  , 3 t 
[(a PI12 - 11 



I I I - 42 sin ( 2 w  - 252 t 2 1  - M )  t 10 s in  (20 - 2S2 t M )  1 t 
- P I  -t 11 

I I 

sin (2w - 252 t 2 1  t M )  
33 t 

[2(a - ~ ) / 3  t 11 

I I 

sin Z(w - fit A t M )  , 3 t 
[(a - P)/2 t 13 

I 
sin ( 2 0  - M ) 5 2  

( 2 a  - 1)  

- 
- 5 2  s i n ( 2 w t  MI)  t B3 - 

( 2 a  t 1) 

I 
-k 25 sin 2(w - h ) t 11 sin ( 2 w  t N - 2.'3 

I 

t 25 s in  2(w t X ) t 11 sin ( 2 w  - N t 2<4 , 

I 

k 5 9  sin (2w t 52 - 2X ) t 34 s in  (2w t L2 t N - 2h') 

- 3 sin ( 2 w  t n - N - 2 ~ j  

1 - - - 
B4 

(a t p/2 - 1)  

20  



I I 
1 4  sin ( 2 w t  Q - 2X - M )  

1 t 
[(2a t PI13 - 11 

r I r - 17 s i n  ( 2 w  t - 21 t M ) t 51 s in  ( 2 w  t S2 - M ) 
( k t P - 1 )  

t 10 s in  ( 2 w  t a - N - ~ ' 4  
I 

51 s in  (2w t Q t M ) t 10 s i n  (2w t Q - N t M'J 1 - 
(k + P  1) 

I 1 

159 s in  (2w - 52 t 2X ) t 34 s i n  (2w - Q - N t 2X ) 1 - - B5 - - 
(a - p/2 t 1) 

I 1 1 'I 1 4 s i n ( Z w - Q t + X  t M )  t 3 s i n ( 2 w - Q - N t 2 X  t M )  1 - 
[(2a - PY3 t 111 

t 2 [ 1 7 s i n ( 2 w - Q t 2 < - M ' )  t 5 1 s i n ( 2 w - Q t M )  1 

(k - P + 1 )  

I 
51 sin ( 2 w  - Q - M ) t 10 s i n  (20 - 52 t N - MI;] 1 t 

(k - P - 1)  



. When the mean motion is  f a r  l e s s  than 10  revolutions per day, then, in 

o r d e r  to compute the perturbations with the same accuracy, perturbations 

in  the lunar motion should be taken into account. 
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4. SHORT -PERIODIC PERTURBATIONS 

The short-periodic par t  of the disturbing function is written as 

where A represents the f i r s t  three par ts  independent of L in ( 6 ) ,  and B consists 

of the remaining five par ts  in which L is replaced by o . 
replacing cosine by sine in B. 

We derive B' by 

Short-periodic perturbations in the orbital elements a r e  easily derived 

f rom the following relations, with the assumption that A ,  B, and B' a r e  constant: 

.- 
cos 2 v - 5 e'] d M = - 5 e (1 - 4) sin E t 2 (1 +< ) sin 2 E 

- G  e (1 -<) s i n 3 E  , 

where E is the eccentric anomaly. 

23 



. 

a 

i 

We find that the perturbations in the inclination and the ascending node 

a r e  entirely negligible. 

t ransformed to those in the radius and the argument of latitude. 

turbations due to the sun a r e  also computed. 

The perturbations in  the other four elements a r e  

The per -  

The transformation formulas a r e  

sin v dM - cos v r 
a d r  = -  d a t a  

2 t e cos v de . 1 
2 1 - e  

dL = da t 

At the final stage we find that the eccentricity of the satellite is  negligible 

t is  l e s s  than 0. 2, and the results a r e  writ ten as 

- 0.5 sin 2 i  cos Z(X' - Q) a n 

I 2 2 i cos 2 ( X  - Q) t 0. 5 sin t 1. 1 sin i cos 2 ( X 0  - Q) 

I + 1.5 i cos Z ~ L  t Q - x ) t 0 .7  cos Z(L t Q - lo) 2 I 

t 1.5 sin4 

t 0 .6  sin i cos2  $ cos  (2L t - 2X ) 

- 0.6 sin i s in2 4 cos (2L - 52 t 2 1  ) 

cos 2 ( ~  - Q t X I )  t 0 .7  sin4 cos 2 ( ~  - Q t ho) 

I 

t 0.9 sin2 i cos 2~ - 0.9 sin i cos2  + cos ( 2 ~  t Q) 

24 



. 

t 2 sin4 -!j sin Z(L - t 1’) t sin4 s in  2 ( ~  - sz t x0) 

2 i  t sin i cos - sin ( 2 ~  t 52 - 21’) - sin i sin2 sin ( 2 ~  - st t 21’) 2 2 

2 i 
2 t sin i sin 2 L - sin i cos2 - sin ( 2 ~  t 52) 

t sin i sin‘ i 2 s in  ( 2 ~  - a)] 3 

where n i s  also expressed in revolutions per  day. 
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